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. . . Abstract. In this paper, we construct a canonical linear basis for free commutative integro-differential 

CO ' algebras by applying the method of Grobner-Shirshov bases. We establish the Composition- 

\^ . Diamond Lemma for free commutative differential Rota-Baxter algebras of order n. We also obtain 

' a weakly monomial order on these algebras, allowing us to obtain Grobner-Shirshov bases for free 

. commutative integro-differential algebras on a set. We finally generalize the concept of functional 

' derivations to free differential algebras with arbitrary weight and generating sets from which to 

I i construct a canonical linear basis for free commutative integro-differential algebras. 



^ ' Contents 
<. 

■ 1. Introduction 1 
! 1.1. Integro-differential algebras 1 

1.2. Grobner-Shirshov bases 3 

1.3. Outline of the paper 4 
2. Free commutative integro-differential algebras 4 
2.1. The definitions 4 

_ 2.2. Free differential Rota-Baxter algebras 5 

■ 2.3. Free commutative operated algebras 6 
O ■ 3. Weakly monomial order 9 

! 4. Composition-Diamond lemma 14 

^1 5. Groobner-Shirshov bases and free commutative integro-differential algebras 19 

5.1. Grobner-Shirshov basis 20 

5.2. Bases for free commutative integro-differential algebras 23 
. . . References 27 

X 

M. 

1. Introduction 

1.1. Integro-differential algebras. The algebraic study in analysis has a long history. The first 
monograph [30] of Ritt on algebraic study of differential equations appeared almost one hundred 
years ago. The concept of a differential algebra was abstracted from the Leibniz formula 

(1) d(uv) = d(u)v + udiy) 

in calculus. After the fundamental works of Ritt [31] and Kolchin [28], the theory of differential 

algebra has been expanded to a vast area of pure and applied mathematical study [13, 37]. The 
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algebraic study of the integral analysis began with the concept of a Baxter algebra [3], later called 
a Rota-Baxter algebra. Here the basis of abstraction is the integration by parts formula, 

(2) P{u)P(v) = P{uP{v)) + P{P{u)v) + AP{uv), 

rewritten in a form that only involves the integral operator P, defined by P{u){x) := £ u{t)dt. 
The extra term parameterized by a constant A allows both the integral operator (when A = 0) and 
the summation operator (when /I = 1), as well as quite a few other operators, to be encoded into 
one equation. Since then, Rota-Baxter algebra has found broad applications from combinatorics 
and number theory to classical Yang-Baxter equation and quantum field theory [2, 16, 18, 19, 25, 
33,34,35]. 

Motivated by the close relationship between the differential and integral analysis as shown 
in the First Fundamental Theorem of Calculus, coordinated studied of differential algebra and 
Rota-Baxter algebra have emerged recently, beginning with the two simultaneously introduced 
concepts of a differential Rota-Baxter algebra and an integro-differential algebra. 

The concept of a differential Rota-Baxter algebra [22] is a simple coupling of a differential 
operator d of weight A: 

(3) d{uv) = d{u)v + ud(y) + Ad{u)d{y), J(l) = 0, 

with a Rota-Baxter operator P of the same weight by the abstraction of the First Fundamental 
Theorem of Calculus 

(4) doP = id, 

where id is the identity map. On the other hand, the concept of an integro-differential algebra, 

first considered in the weight case in [32] and in the general weight case in [23], also takes 
into account the intertwining relationship of the two operators in the original definition of the 
integration by parts formula 

(5) P{d{u)P{v)) = uP{v) - P(uv) - AP{d{u)v). 

We note that Eq. (5) implies Eq. (2) at the presence of Eq. (4) when u is substituted by P{u). 
Thus the variety of integro-differential algebras is the variety of differential Rota-Baxter algebras 
modulo extra conditions. See [23] for further details. 

As in the case of studying any algebraic structures, the free objects play an important role in the 
study of previous algebras. While the construction of free differential algebras is straightforward 
in terms of differential monomials, the construction of free Rota-Baxter algebras is more involved. 
In fact, there are three constructions in the commutative case, with the first one given by Rota [33] 
through an internal construction, and an external one given by Cartier [12]. In [20], a construction 
is given by a generalization of the shuffle product, called the mixable shuffle product which is 
closely related to the quasi-shuffle product [27] in the study of multiple zeta values. 

By composing the construction of free differential algebras followed by that of the free Rota- 
Baxter algebras, free differential Rota-Baxter algebras were obtained in [22]. Because of the 
more intimate relationship of the differential and Rota-Baxter operators in an integro-differential 
algebra, it is more challenging to construct free objects in the corresponding category even by the 
previous remark on the variety of integro-differential algebras, free integro-differential algebras 
are quotients of free differential Rota-Baxter algebras modulo the relation given by Eq. (5). The 
first construction of free commutative integro-differential algebras was obtained in the recent pa- 
per [23]. There the construction makes essential use of an equivalent formulation of the condition 
in Eq. (5) for the integro-differential algebra. 
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1 .2. Grobner-Shirshov bases. In this paper, we apply the method of Grobner-Shirshov bases to 
give another construction of the free commutative integro-differential algebras on a set. 

The method of Grobner bases or Grobner-Shirshov bases originated from the work of Buch- 
burger [11] (for commutative polynomial algebras), Hironaka [26] (for infinite series algebras) 
and Shirshov [36] (for Lie algebras). It has since become a fundamental method in commutative 
algebra, algebraic geometry and computational algebra, and has been extended to many other 
algebraic structures, notably associative algebras [4, 5]. In recent years, the method of Grobner- 
Shirshov bases has been applied to a large number of algebraic structures to study problems on 
normal forms, word problems, rewriting systems, embedding theorems, extensions, growth func- 
tions and Hilbert series. See [6, 8, 10] for further details. 

This method also derives free objects in various categories, including the alternative construc- 
tions of free Rota-Baxter algebras and free differential Rota-Baxter algebras [7, 9]. The basic 
idea is to prove a composition-diamond lemma that achieves a rewriting procedure to reduce any 
element to certain "standard form". Then the set of elements in standard form is a basis of the 
free object. 

We apply this method to construct a free commutative integro-differential algebra as the quo- 
tient of a free commutative differential Rota-Baxter algebra modulo the "hybrid" integral by part 
formula in Eq. (5). In order to do so, we would expect to first establish a Composition-Diamond 
Lemma for the free commutative differential Rota-Baxter algebra constructed in [22]. We should 
then prove that the ideal generated by the defining relation of integro-differential algebras in 
Eq. (5) has a Grobner-Shirshov basis, thereby identifying a basis of a free commutative integro- 
differential algebra as a canonical subset of the known basis of the free commutative differential 
Rota-Baxter algebra. All these depend on the choice of a suitable monomial order on the set 
of the basis elements of the free commutative differential Rota-Baxter algebra. However a mo- 
ment's thought reveals that such a monomial order does not exist for this algebra. To overcome 
this difficulty, we consider this algebra as a filtered algebra with respect to the order of derivation 
and study the filtration pieces first. Even there, we have to get along with a weakly monomial 
order which fortunately suffices for our applications. So we are able to adapt the above process 
of Grobner-Shirshov bases and obtain a canonical basis for each of the filtration pieces. We then 
check that this process is compatible with the filtration structure, allowing us to put these canoni- 
cal bases for the filtration pieces together to form a canonical basis for the entire free commutative 
integro-differential algebra. The following is our main theorem 

Theorem 1.1. (=Theorem 5.13) Let X be a nonempty well-ordered set and A := k{X}. Let 
III(k{X}) = III(k[AX]), with the derivation d and Rota-Baxter operator P, be the free commu- 
tative differential Rota-Baxter algebra of weight A on X. Let I id be the differential Rota-Baxter 
ideal o/III(k{X}) generated by 



Let Aj be the submodule of A = k{X} spanned by functional monomials. Then the composition 



of the inclusion and the quotient map is a linear bijection. Thus in(A) / gives an explicit construc- 
tion of the free integro-differential algebra 111(A)////). 

It is interesting to note that our approach of Grobner-Shirshov bases gives a different construc- 
tion of free commutative integro-differential algebras than those in [23]. While the construction 



S := {P(diu)Piv)) - uP{v) + P{uv) + AP{d{u)v) \u,ve m(k{X})}. 
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in [23] has a transparent product formula, the construction here has a simple description as a 
submodule of the free differential Rota-Baxter algebra. By the uniqueness of the free objects, the 
two constructions yield isomorphic integro-differential algebras. Thus it would be interesting to 
compare the two constructions to reveal further the structure and properties of these free objects. 

1 .3. Outline of the paper. In Section 2, we first introduce the algebraic structures that lead up to 
/l-integro-differential algebras and then recall the construction of free objects for these algebraic 
structures, in particular the free commutative Rota-Baxter algebras and the free commutative 
differential Rota-Baxter algebras. In Section 3, we first give definitions related to differential 
Rota-Baxter monomials and then define a weakly monomial order on differential Rota-Baxter 
monomials of order n. In Section 4, we start with defining various kinds of compositions and 
then establish the Composition-Diamond Lemma for the n-th order free commutative differential 
Rota-Baxter algebra. In Section 5, we consider a finite set X and obtain a Grobner-Shirshov basis 
for the defining ideal of a free commutative order n integro-differential algebra on X and thus 
obtain an explicitly defined basis for this free object. Then as mentioned above, we put the order 
n pieces together as a direct system to obtain a basis for the free commutative integro-differential 
algebra on X. We then use a finiteness argument to treat the case when X is any well-ordered set. 



2. Free commutative integro-differential algebras 

We recall the definitions of algebras with various differential and integral operators and the 
constructions of the free objects in the corresponding categories. 

2.1. The definitions. We recall the algebraic structures considered in this paper. We also intro- 
duce variations with bounded derivation order that will be needed later. 

Definition 2.1. Let k be a unitary commutative ring. Let /I e k be fixed. 

(a) A differential k-algebra of weight A (also called a ^l-differential k-algebra) is a unitary 
associative k-algebra R together with a linear operator d . R ^ R such that 

(6) d(l) = 0, d(uv) = d(u)v + ud(v) + Ad(u)d(v) for all u,v e R. 

Such an algebra {R, d) is said of order n, where n> 1, if J" = 0. 

(b) A Rota-Baxter k-algebra of weight A is an associative k-algebra R together with a linear 
operator P : R ^ R such that 

(7) P(u)P{v) = P{uP{v)) + P(P(u)v) + AP(uv) for all u,v£R. 

(c) A differential Rota-Baxter k-algebra of weight A (also called a /l-differential Rota- 
Baxter k-algebra) is a differential k-algebra (R, d) of weight A and a Rota-Baxter operator 
P of weight A such that 

(8) doP = id. 

(d) An integro-differential k-algebra of weight A (also called a i-integro-differential k- 
algebra) is a differential k-algebra {R, d) of weight A with a linear operator P.R^R that 
satisfies Eq. (8) and such that 

(9) P{d{u)P{v)) = uP{v) - P{uv) - AP{d{u)v) for all u,veR. 
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2.2. Free differential Rota-Baxter algebras. We first recall the construction of free commuta- 
tive diff"erential algebras and introduce their order n variations. 

Theorem 2.2. Let X be a set. 

(a) Let AX = [x'-"^ \ x £ X,n > 0} and let k{X} = k[AX] be the free commutative algebra on 
the set AX. Define dx '■ k[AX] — > k[AX] as follows. Let w = u\ • • • Uk, Ui e AX, \ < i <k, 
be a commutative word from the alphabet set AX. Ifk= I, so that w = x'^"^ G AX, define 
dx(}v) = x''"^^\ Ifk>\, recursively define 

(10) dx(w) = dx{ui)u2 •■•Uk + uidxiui •■•Uk) + Xdx{ui)dx{u2 ■ ■ ■ uu). 

Further define dx{l) = and then extend dx to k[A(X)] by linearity. Then (k[AX],dx) is 
the free commutative differential algebra of weight A on the set X. 

(b) For a given n > 1, let AX("+i^ := [/''^ \x£X,k>n + l]. Then k{X}AX("+i^ is the differ- 
ential ideal /„ o/k{X} generated by the set {x'-"'*'^^ \x € X}. The quotient k{X}//„ has a 
canonical basis given by A„X := {x^'^^ \ k < n}. 

Proof. Item (a) is from [22] and Item (b) is a direct consequence. □ 

For a set Y, let C(Y) denote the free commutative monoid on Y. Thus elements in C(Y) are 
commutative words, plus the identity 1, from the alphabet set Y. Then C(AX) (resp. C(A„X)) is a 
linear basis of k[AX] (resp. k[A„X]). 

We next recall the construction of free commutative Rota-Baxter algebras in terms of mixable 
shuffles [20, 21]. The mixable shuffle product is shown to be the same as the quasi-shuffle product 
of Hoffman [15, 25, 27]. Let A be a commutative k-algebra. Define 



m(A) = ^A^^''^^^ =A®A' 



k>0 

Let a = ao • ■ ■ (8) a„ G Sindh = bo® ■ ■ ■ ® b„ e A^("+'\ If m = or n = 0, define 

' (aobo) O Z?i (g) • • • bn, m = 0,n > 0, 

(11) aob = < (aobo) <Si ai ® ■ ■ ■ <Si am, m>0,n = 0, 

aobo, m = n = 0. 

If m > and n > 0, inductively (on m + n) define 

aoh = (aobo) <Si{(ai iSi a2<Si ■ ■ ■ <Sia,n) o (I ® bi iSi • • • iSib,t) 

(12) -I- (1 (8) ai ® ■ ■ ■ (g) a,„) o (Z^i ■ ■ ■ b„) 

+A(ai®---<S> a,n) o (Z?! (g) ■ ■ ■ bn)). 

Extending by additivity, we obtain a k-bilinear map 

o : m(A) X m(A) m(A). 

Alternatively, 

o b = {aobo) <S> (cini^b), 

where o = ai ■ • ■ <8» a,,,, b = Z?i • • • and in,i is the mixable shuffle (quasi-shuffle) product of 
weight /I [19, 20, 27], which specializes to the shuffle product m when X = 0. 
Define a k-linear endomorphism Pa on 111(A) by assigning 

Pa{x.o ® Xi® ■ ■ ■ ® Xn) = 1a® ■ ■ ■ ® X^, 
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for all xq<Sixi(Si - ■ - fSiXn e A^-"+'^ and extending by additivity. Let ja : A — > 111(A) be the canonical 
inclusion map. 

Theorem 2.3. ([20,21]) 

(a) The pair (111(A), P^), together with the natural embedding Ja' A —> III(A), is the free 
commutative Rota-Baxter k-algebra on A of weight A. In other words, for any Rota-Baxter 
k-algebra (R, P) and any k-algebra map (p . A ^ R, there exists a unique Rota-Baxter 
^-algebra homomorphism ip : (111(A), Pa) {R, P) such that (p = if o as k-algebra 
homomorphisms. 

(b) Let Y be a set and let k[y] be the free commutative algebra on Y. The pair (111(7), Py) '■= 
(UI(k[Y]),P]^[Y])> together with the natural embedding jy' Y ^ k[y] III(k[y]), is the 
free commutative Rota-Baxter k-algebra of weight A on Y. 

Since o is compatible with the multiplication in A, we will often suppress the symbol o and 
simply denote xy for x oy in III(A), unless there is a danger of confusion. 
A linear basis of III(k[y]) is given by 

(13) »(y) ■.= {xo^---^Xk\ Xi e C(y), I <i<k,k>0], 

called the set of Rota-Baxter monomials in Y. The integer dep(xo <8> ■ • ■ (2) x^) := + 1 is called 
the depth of xq® ■ ■ ■ ® Xk. To simplify notations, we also let P denote Pk[F]- Then l^u and P{u) 
stand for the same element and will be be used as convenience in this paper. 

We now put the differential and Rota-Baxter algebra structures together. Let (A, Jq) be a com- 
mutative differential k-algebra of weight A. Extend d^ to 111(A) by 

dA{XQ ® Xi® . . .® Xk) 

= do^xo) ® x\® . . .® Xk + xqX\ ® X2® ■ ■ - ^ Xk-^ AdQ{xQ)x\ ® X2® . . .® Xj,, k>Q. 

Theorem 2.4. ([22]) Let X be a set and let k[AX] be the free commutative differential algebra of 
weight A on X in Theorem 2. 2. (a). The triple (III(k[AX]), ^k[AX]). together with jx '■ X ^ 

AX — > III(k[AX]), is the free commutative differential Rota-Baxter k-algebra of weight A on X. 

Apply the notations in Eq. (13) to y := AX. The set 

(14) 93(AX) := jwo <S) ■ ■ ■ <S) w-t I e C{AX), 0<i<k,k>0] 

is a k-basis of the free commutative differential Rota-Baxter algebra III(AX), called the set of 
differential Rota-Baxter (DRB) monomials on X. 

Similarly with Y := A„Z,n > 1, S(A„Z) is a basis of m(A„X) and is called the set of DRB 
monomials of order n on X. We note that in III(k[A„X]), the property d"^^{u) = only applies 
to M G X, but not to tensors of length greater than two. For example, taking n = I, then d^{x) = 0, 
but d{\ ®)x) = X and hence d^(l ®) x) = d{x) = x^^^ 0. 

2.3. Free commutative operated algebras. We now construct the free commutative operated 
algebra on a set X that has the free commutative (differential) Rota-Baxter algebra as a quotient. 
At the same time, the explicit construction III(X) of free commutative Rota-Baxter algebra in 
Theorem 2.3 can be realized on a submodule of the free commutative operated algebra spanned 
by reduced words under a rewriting rule defined by the Rota-Baxter axiom. 

This construction is parallel to that of the free (noncommutative) operated algebra on a set 
in [9, 17, 19, 24]. See [29] for the non-unitary case. 
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Definition 2.5. A commutative operated monoid with operator set Q is a commutative monoid 
G together with maps a^j : G ^ G,co e Q.. A homomorphism between commutative operated 
monoids (G, {a^lw) and (H, {fi^}^^) is a monoid homomorphism f : G ^ H such that f o a^j = 
fico ° f for a> e Q.. 

We next construct the free objects in the category of commutative operated monoids. 

Fix a set Y. We define monoids (£„ := ^n(Y) for n > by a recursion. First denote (£o := C(Y). 
Let LC(y)J(j := {[wJw I n ^ C(Y)}, a* e Q, be disjoint sets in bijection with and disjoint from C(Y). 
Then define 

(£1 := C(Y u {u^enlC(Y)U). 
Note that elements in LC(y)J(^ are only symbols indexed by elements in C{Y). For example, [1 J^^ is 
not the identity, but a new symbol. The inclusion Y '-^ Y\J(\J^^cil^olw) induces a monomorphism 
io 1 : (£0 = C(Y) <^ (£1 = C(Y U (U^j L^^oJ^)) of free commutative monoids through which we 
identify (£0 with its image in (£1. Inductively assume that (£„_i have been defined for n > 2 and 
that the embedding 

in-2,n-l '■ ~* ^n-l 

has been obtained. We then define 

(15) (£„ :=C(yu(u^LG:n-iJJ). 
We also have the injection 

Thus by the freeness of (£„-i = C(Y U (Ll^[(£„_2Jw)) as a free commutative monoid, we have 

(£„_i = C(yu(u^LG:„-2jJ)-^c(yu(u^LG:„-iJj) = (£„. 

We finally define the commutative monoid 

(£(y):=[J(£„ = lim(£„. 

Elements in (£(y) are called bracketed monomials in Y. Defining 

(16) L J. : m ^ (£(y), u ^ luL, ojeQ, 

((£(y), {L Jtj}w) is a commutative operated monoid and its linear span (k(£(y), [ joj) is a commutative 
(unitary) operated k-algebra. 

Proposition 2.6. Let Jy '■ Y ^ ^(Y) be the natural embedding. 

(a) The triple (C£(y), {[ J^jIw^ Jy) is the free commutative operated monoid on Y. More precisely, 
for any commutative operated monoid G and set map f : Y ^ G, there is a unique 
extension of f to a homomorphism / : (£(y) ^ G of operated monoids. 

(b) The triple (k(I(y),{[ J^^lai, 7V) is the free commutative operated unitary k-algebra on Y. 
More precisely, for any commutative k-algebra R and set map f : Y ^ R, there is a 
unique extension of f to a homomorphism f : k(£(y) R of operated k-algebras. 

Proof. We only need to show that (£(y) is a free commutative operated monoid. The proof is 
similar to the noncommutative case [17, 19], so we just give a sketch. 

Let a commutative operated monoid (G, {a^}^^) and a map / : y ^ G be given. Then by 
the universal property of (£0 := C(Y), there is a unique monoid homomorphism /o : ^ G 
extending /. Then /o extends uniquely to 

/i : l^oL G, \u\oj a^{fo{u)), u 6 (£0, 
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such that (/i o [ J^)(m) = (a^ o fi)(u),a> e Q., when defined. We then further get a monoid 
homomorphism 

/i :(£i :=C(yu(u,LeoL))^G. 

By induction on n > we obtain a unique /„ G, n > 0, compatible with the direct system, 

yielding the unique homomorphism / : (£(7) — > G of operated monoids. □ 

By the universal property of k(£(y), we obtain the following conclusion from general principles 
of universal algebra [1, 14]. 

Proposition 2.7. Let Q. = {d,P} and denote d{u) := lujd,P(u) := lu\p. Let I orb be the operated 
ideal o/k(£(y) generated by the set 

d(uv) - d{u)v - ud(y) - Ad{u)d(y), 
• P{u)P{y) - P{uP{y)) - P{P{u)v) - AP{uv), u,v e (£(7) I 
(d o P){u) = u 

Then the quotient operated algebra k(£(y)//£)R5, with the quotient of the operator d and P, is the 
free commutative differential Rota-Baxter algebra. 

Combining Proposition 2.7 with Theorem 2.3, we have 

Proposition 2.8. The natural embedding 

m(k[AX]) ^ k G(AX), xo®xi^---®Xk^ xoP{xxP{- ■ ■ P{xk) • • • )) 

composed with the quotient map p : k(I(AX) k&(AX)/ 1 orb gives a linear bijection (in fact, 
an isomorphism of differential Rota-Baxter algebras) 

e : m(k[AX]) ^ k^AX)/ 1 ORB. 
Through 9, we can identify the basis 23(AX) of III(kAX) with its image in k(£(AX): 

(17) Mo (g) Ml (g) • • • (g) MoL"l L' ' ' l^kl * " "JJ ^ UqP{U\P{- • ■ P{Uk) •••))• 

Thus we also use P for Pax on m(k[AX]) and d'^ix) = x^'^ for x e X and €>Q. 
As a consequence of Proposition 2.8, we have 

Corollary 2.9. Let n > I. Let IoRB,n be the operated ideal of^(X) generated by Iorb together 
with the set {x^"^^^ = d"'^^{x) \ x e X}. The natural embedding 

m(k[A„X]) ^ k^X), xo®Xi^---®Xk^ xqP{xiP{- ■ ■ P{xu) • ■ ■ )) 

composed with the quotient map p : k (1(7) — > k^{Y)lloRB,n gives a linear bijection 

en:m{k{KX])^k^{X)iioRB,n. 

Proof The map 6n is obtained by starting from the isomorphism 6 : III(k[AX]) = kQ,(X)/IoRB 
and then taking the quotients of both the domain and range by the operated ideal generated by 
d"^\x), X e X. Since 6 restricted to the identity on X. The corollary follows. □ 

Define the reduction map 

(18) Red := Red„ -e^'op-.k C;(X) ^ k^Y)/IoRB,n ^ ni(k[A„X]). 

It reduces any bracketed monomial to a DRB monomial. For example, if m, v G C{X), then 

Red(LMjLvJ) = l(8>M(S)v + l(g)v(S)M + /l(g)av. 
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3. Weakly monomial order 

In this section, we will give a weak form of the monomial order on filtered pieces of the set 
of differential Rota-Baxter monomials. It will be sufficient for us to establish the composition- 
diamond lemma for integro-differential algebras. 

Let y be a set with well order <y. Define the length-lexicographic order <yjg^ on the free 
monoid M{Y) by 



(19) u <* V « 



€ <m, 

ox i = m and 31 < iq < £ such that w,- = v,- for 1 < / < iq and m,„ < v;q, 



where u = Ui ■ ■ ■ Uc and v = Vi ■ • ■ v„, with w,- e 7, 1 < i < £,Vj £ Y,l < j < m,m,n > 1. It is 
well-known [1] that <*yi^^ is still a well order. An element 1 ^ m of the free commutative monoid 
C{Y) can be uniquely expressed as 

(20) M = Mq" • • • uf, where Uq, - ■ ■ ,Uk £ Y, Jq, ■ ■ ■ , jt £ Z>i and uq > ■ ■ ■ > u^- 

This expression is called the standard form of m. lfk = -1, we take w e k by convention. 
Any 1 u e C{Y) can also be expressed uniquely as 

u = u\- • - ue, u\ > U2 > ■ ■ ■ > U{ e Y. 

With this notation, C{Y) can be identified with a subset of the free monoid M{Y) on Y. Then the 
well order <*yi^^ on M{Y) restricts to a well order on C{Y). 

Lemma 3.1. Let (Y, <y) is a well-ordered set and u,v e C(Y). If u < v, then uw <^jg^ vw for 
w e C{Y). 

Proof Such a result is well-known for free noncommutative monoid. The proof for the commu- 
tative case is different and we sketch a proof for completeness. 

From the standard decomposition of w e C(Y) in Eq. (20), u can be expressed uniquely as a 
function 



(21) f:=fu:Y^Z,o,f,(y) = 



ji, y = Ui, 1 <i <k, 
0, otherwise. 



Thus C{Y) can be identified with 

3^ := {/ : 7 ^ Z>o I Supp(/) := Y\f~\0) is finite } 

with 1 e C(Y) corresponding to /i = 0. Denote deg(/) := Zver/Cv)- Under this identification, 

the order <yjg^ on C(Y) is identified with the order < on 5" defined by 

(22) 

deg(/) < deg(g) 

or deg(/) = deg(g) and 3yo e Y such that f(y) = g(y) for 3; < yo and f(yo) < g(yo). 



/<<? « 



Let u,v,w e C{Y) be given. We apply the identification of u,v,w with f„fv,fw e 3^ given in 
Eq (21). We note that f,,, = /„ + f, and f„, = f. + f,. Thus we have 

deg(/„w) = deg(/„) + deg(/v,), deg(/,„,) = deg(/,) + deg(/„.), and f,(y) < f,(y) « /„,,(};) < f,^.(y). 
Then it follows that f, < f, if and only if fu„ < f^.. This proves the lemma. □ 

For a set X, recall that AX = {x^^^ | ;c 6 > 0} and A„X := {x^^^ \ x e X,Q < k < n] ior 
n > 0. Then C(A„X), n > 0, define an increasing filtration on C(AX) and hence give a filtration 
S(A„X) c S(AX). Elements of S(A„X) are called DRB monomials of order n. 
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Definition 3.2. Let Z be a set, ★ a symbol not in X and A„X* := An(X U {★}). 

(a) By a ★-DRB monomial on A„X, we mean any expression in !B(A„X*) with exactly one 
occurrence of The set of all ★-DRB monomials on A„X is denoted by !B*(A„X). 

(b) For q e S*(A„X) and u e S(A„X), we define 

to be the bracketed monomial in (£(A„X) obtained by replacing the letter ★ in ^ by u, and 
call ql, a M-monomial on A„X. 

(c) Further, for s = 2,- c,m,- e k'B(A„X), where c,- e k, m,- e !B(A„Z) and ^ e !B*(A„X), we 
define 

which is in k (£(A„X). 

We note that a Tir-DRB monomial ^ is a DRB monomial in A„X* while its substitution ql, might 
not be a DRB monomials. For example, for q = Pixi)* e !B(A,jX*) and u = P{x2) e !B(A„X) 
where Xy,X2 s X, the w-monomial <5r|„ = P{xi)P{x2) is no longer in S(A„X). 

Lemma 3.3. Le? S be a subset o/k(£(A„(X)) anJ Id(S) Z^e the operated ideal o/k(£(A„(X)) gener- 
ated by S . Then 

id(S) = lu c,-^,L, I a e k, G G;*(A„X), 5,- g 5, 1 < / < fc, > i| . 

Proof. It is easy to see that the right hand side is contained in the left side. On the other hand, the 
right hand side is already an operated ideal of k(£(A„(X)) containing S . □ 

Definition 3.4. If ^ = py^^^ for some p e !B*(A„X) and £ g Z>i, then we call q a type I ★-DRB 
monomial. Let !B*(A„X) denote the set of type I ★-DRB monomials on A„X and call 

S*(A„X) := S*(A„X) \ 'B^iAnX) 

the set of type II Tir-DRB monomials. 

Lemma 3.5. Any element q G !B*(A„X) is one of the following three forms 

(a) q G S;(A„X), or 

(b) q = s-kt with s G C(A„Z) anc/ ? G !B(A„X), or 

(c) ^ = sP{p) for some s G C(A„X) and p G !B*(A„Z). 

Proof. Any element ^ G !B*(A„X) is of the form UQ®U\®---®Uk with Uj G C(A„Z), 1 < / < fc, 
except a unique m, which is in C(A„Z*) with exactly one occurrence of In turn, this unique 
Ui G C(A„X*) is of the form ua • • • Uim with Ujj G A„X, 1 < j < m, except a unique which is in 
AnX* with exactly one occurrence of Thus this unique Uij G A„X* is of the for d'^i-k) for some 
£ >0.\f £ > 1, then q is of type I. If ^ = 0, then d^i-k) = -k. So if i = 0, namely this ★ is in uq, then 
q = (uqi ■ ■ ■ uo(j-i)-kuo(j+i) • ■ ■ Mom)®Mi®' ' ' is of the form sirt with s = uqi ■ ■ ■ moo--i)Moo+i) • • • uo,„ 
and t = 1 ® uj ■ ■ ■ Uk- If i > I, then ^ = sP{p), where p := U2® ■ ■ - Uk & S*^(A„X). This proves the 
lemma. □ 

Definition 3.6. Let X be a set, ★!, ^2 two distinct symbols not in X and A„X*' *2 := A„(X U 
*2})- We define a (^i, ★2)-DRB monomial on A„X to be an expression in S(A„X*i'*2) with 
exactly one occurrence of ★! and exactly one occurrence of ★2- The set of all (★i,*2)-DRB 
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monomials on A„X is denoted by 'B*''*^(A„X). For q e S*i'*2(A„X) and ui,U2 € kS(A„X), we 
define 

to be the bracketed monomial obtained by replacing the letter ★! (resp. ^2) in q by ui (resp. U2) 
and call it a (mi, M2)-l>racketed monomial on A„X . 

A (wi, M2)-DRB monomial on A„X can also be recursively defined by 

(23) q\in,u2 ■= i<l*'\ui)\u2^ 

where q*^ is q when q is regarded as a ★i-DRB monomial on the set A„X*-. Then ^^'lui is in 
!B*2(A„X). Similarly, we have 

(24) qln,u2 ■■= iq*%)\ur 

Let X be a well-ordered set and let Y = AX. Let n > be given. For x^^\ xf'^ e AX (resp. A„X) 
with Xo,Xi e X, define 

(25) jcj,'"^ < (resp.JCQ°^ <„ « (jcq, -z'o) < (^1, -«i) lexicographically. 

For example jc^^-* < x^'^ < Also, JCi < X2 implies xf"* < x^^\ Then by [1], the order <„ is a well 
order on A„X and hence is extended to a well order on C(A„X) by Eq. (19) which we still denote 

by <n- 

We next extend the well order <„ on C(A„Z) defined above to !B(A„X). Note that 

S(A„X) = {mo ® Ml <g) ■ • ■ M/t I M,- e C(A„X), I <i<k,k>Q} = UfeiC(A„X)®* 

can be identified with the free semigroup on the set C(A„X). Thus the well order <„ on C(A„X) 
extends to a well order <*jgx [1] which we will still denote by <„ for simplicity. More precisely, 
for any M = Mo O • • • O uu e C{A„Xf^^^^^ and v = vq O ■ ■ ■ ® e C(A„X)®(^+i\ define 

(26) M <„ V if (/: + 1, Mo, • • • , M/:) < (^ + 1, vo, • • • , Vf) lexicographically. 
This is the order on 23(A„X) that we will consider in this paper. 

Definition 3.7. Let <„ be the well order on 93(A„X) defined in Eq. (26). Let q e S*(A„X) and 
s e kS(A„X). 

(a) For any f e kS(A„X), let / denote the leading term of /: f = cf + Yji^iUi, where 
c, Ci e k, Ui e S(A„X), u, < /. / is called monic if c = 1. 

(b) Denote 

q\s := Red(^|,), 

where Red : ke(A„X) U1(A„X) = kS(A„X) is the reduction map in Eq. (18). 

(c) The element ^1, e k (£(A„X) is called normal if q\j is in !B(A„X). In other words, if 
Rediq\j) = q\j. 

Remark 3.8. (a) By definition, q\s is normal if and only if q\j is normal if and only if the 
5-DRB monomial q\j is already a DRB monomial, that is, no further reduction in III(A„X) 
is possible. 

(b) Examples of not normal (abnormal) 5-DRB monomials are 

(i) q = -kPix) and s = P{x), giving q\s = P(x)P(x) which is reduced to P(xP(y)) + 
PiPix)y) + APixy) in m(A„X); 

(ii) q = d(-k) and s = Pix), giving q\s = d(P(x)) which is reduced to x in m(A„Z); 



12 XING GAO, LI GUO, AND SHANGHUA ZHENG 

(iii) q = di-k) and s = x^, giving q\s = d(x^) which is reduced to 2xx^^^ + /l(jc'^^^)^ in 
m(A„X); 

(iv) q = d'^-k) and s = d(x), giving q\s = d"'^^{s) which is reduced to in III(A„X). 

Definition 3.9. A weakly monomial order on !B(A„X) is a well order > satisfying the following 
condition: 

for u,v e 'B(A„X), w > v => ql, > q\y if either q e 'B*,(A„X), or q e !B*(A„X) and q\u is normal. 

We shall prove that the order defined in Eq. (26) is a weakly monomial order on 'B{A„X). We 
need the following lemmas. 

Lemma 3.10. Let £ > I and s e !B(A„X). Then is normal if and only if s e A„_fX 

Proof. If I e A„_fX, then d^l) is in A„X and hence ^^'^(*)|.v is normal. Conversely, if I ^ A„_fX, 
then either dep(l^) > 2, or dep(l^) = 1 and deg^ ^iu) >2,orse A„X \ A,j-cX. In all these cases, 
d\*)\s is not normal. □ 

Lemma 3.11. Let <„ be the order defined in Eq. (26). Let u,v e !B(A„X) and € e Z>i. Ifu >„ v 
and d\-k)\u is normal, then d'^(u) >„ d^(v). 

Proof. We prove the result by induction on ■£. We first consider ^ = 1 and prove d(u) >„ d(v). 
Since d{-k)\u is normal, we have u = x^"^ e A„-[X by Lemma 3.10. Since u >„ v, by the definition 
of >,„ we have we have v = x''^'' e A„X with either xi > X2 or xi = X2 and ii < Z2. So d(u) >„ d(v). 
Next, suppose the result holds for 1 <m<l. Then by the induction hypothesis, we have 

d^{u) = d{d^-\u)) = d{d^~\u)) >„ d{d^~\v)) = d{S'\v)) = dHy). 

□ 

Proposition 3.12. The order <„ defined in Eq. (26) is a weakly monomial order. 

Proof. Let w, v e S(A„X) with u >„ v and q e S*(A„X). By Lemma 3.5 we have the following 
three cases to consider. 

Case 1. Consider q = s -k t where s e C(A„X) and t e S(A„X). Note that !B(A„X) = C(A„X) u 
C(AX)P('B(AnX)). We consider the following four subcases depending on ? or m in C(A„X) or 
C(AX)P{'B{AnX)). 

Subcase 1.1. Let t,u e C(A„Z). Since u >„ v, we have that v e C(A„X) and so by Lemma 3.1, 
q\u = sut >„ svt = q\y. 

Subcase 1.2. Let t e C(A„X)P(3(A„X)) and u e C(A„X). Let ? = fo <?> • ■ ■ <2) with m > 1. Since 
M >„ V, we have v e C(A„X). By Lemma 3.1 and Eq. (26), we have 

(m + 1, 5M?o, • • • , ?m) > (m + 1, 5v?o, • ■ • , fm) Icxicographically . 
So q\u = (suto) ^ti®---®t,n>n {svto) (8> ?i (g) • • • (S) = ^Iv 

Subcase 1.3. Let t e C(A„X) and u e C(A„X)P(S(A„X)). l^ti u = uq® ■ ■ ■ ® uu with ^ > 1. If 
V e C(A,jZ), it is obvious that 

q\u = (stuo) ®---®Uk>n q\v = svt. 

If V 6 C(AnX)P('B(A„X)), let V = vo (2) • • • (g) v„, with m > 1. Then = (5fvo) (S) • • • v,„. Since 
M >,j V, by Eq. (26), we have that 

(A; + 1, Mo, • • • ,Uk) > (m + l,vo, - ■ ■ , v^) lexicographically. 
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By Lemma 3.1, it follows that 

(k + \, stuo, ui, ■ ■ ■ ,Uk) > (m + \ , stvo, Vi , • ■ • , Vm) lexicographically, 
that is, q\u >„ ql- 

Subcase 1.4. Let t,u e C(A„X)P(S(A„X)). Let t = ti^t = toPit) and u = uq®u = uqP{u), where 
to. Mo e C(A„X), i,ue S(A„X). If v e C(A„X), then 

= isvto)Pit) and q\„ = stQUoP{t)P{u) = stQUoP{t)P{u). 

Thus dep(^) > dep(^) and so 4^ >„ If v e C(AX)P(!B(A„X)), let v = Vq <8» v = VqP{v). 
Then q\^, = stoVoP(t)P(v) = stQVoP(t)P(v). Since m >„ v, we have dep(M) + 1 = dep(M) > dep(v) = 
dep(v) + 1 by Eq. (26) and so dep(M) > dep(v). If dep(M) > dep(v), then depiql,) > dep(^|v) and 
so q\ii >„ ^1,,. Suppose dep(M) = dep(v). Then dep(^|„) = dep(^|v). If uq >„ vo, then stoUQ >„ stQVo 
by Lemma 3.1 and so ql, >„ q\y by Eq. (26). We are left to consider the case dep(M) = dep(v) and 
Mo = Vo. In this case, since u >„ v, we have that u >„ v. If m >„ v > t, then 

ql = (stQUo)P(t)P(u) = (stQUo)P{uP(t)) = (stouo) ®u®t 
>n(.StoVo) 0v0i= {stoVo)P{vP(,t)) = (,StoVo)P(.t)P{v) = ^. 

If f > M >„ V, then 

q\u = istoUo)P{t)P{u) = istoUo)P(tP{u)) = (stoUo) (g) f (E> m 

>n(stoVo) ®mv = {stoUo)P{tP{v)) = {stoUo)P(t)Piv) = ^. 

If M >„ t >„ V, then 

q\u = (stoUo)P{t)P{u) = (stoUo)P(uP(t)) = (stoUo) ^u^i 
>n(stovo) (g> V = (stQUo)P(fP(v)) = (stQUo)P(t)P(v) = ql,. 

Case 2. Consider q = sP(p) for some s e C(A„X) and p e S*(A„X). This case can be verified by 
induction on dep(q) and the fact that, for m, v e 'B(A„X), m >„ v implies P(u) >,, P(v). 
Case 3. Consider q e !B*(A„X). Then q = plif^^,) for some p e 25*(A„X) and £ e Z>i. Take such £ 
maximal so that p e 'B*j{A„X). We need to show that if u >„ v and ql is normal, then ql, >„ ql.. 
But if ql, is normal then d'^(-k)l, is normal. Then by Lemma 3.11, we have d^{u) >„ d^Xv). Then 
by Cases 1 and 2, we have ql = pl'^jr^ >n P\'j^ = ^Iv- This completes the proof. □ 

We give the following consequences of Proposition 3. 12 to be applied in Section 4. 

Lemma 3.13. Let q e !B*(A„X) and s e k!B(A„X) be monic. Ifq\s is normal, then ql = q\j. 

Proof. Let * = 5 + 2; Q*/ with c,- 6 k and < 1. Then ^1, = ql + ^j C/^lv,- Since is normal, 
it follows that ql e !B(A„X) and so ql = ql. We have the following two cases to consider. 
Case I. ^ e S*^(A„X). Then ql^. < ql = ql by Definition 3.9 and Proposition 3.12. Hence 

^L^ = ^li = ql- 

Case II. q e !B*(A„X). Then q = ple^i,-, for some p e 'B*(A„X) and £ e Z>i. Since q\s = pli((s) is 
normal, we have I e A„^[X by Lemma 3.10. Furthermore, 5, < 1 implies that Si e A„X. Thus by 
Definition 3.9 and Proposition 3.12, we have ^1.,. < ql. So q\s = ql. □ 

Lemma 3.14. Let m, v e S(A„X) wiY/z m > v anJ q e !B*(A„X). Tf^L normal, then either ql = 
or ql is also normal. 
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Proof. Suppose that q\v is not nomial. Then q\y, i !B(A„Z). We have the following cases to 
consider. 

Case I. dep(v) > 2, that is, v e C(A„X)P(S(A„X)), and q = pUp(„.) for some p e S*(A„X) and 
w e S(A„X). Since w > v, it follows that dep(M) > dep(v) > 2 and so m e C(A„X)P(S(A„X)). 
This implies that ql, can be reduced by the Rota-Baxter relation and so ql, € S(A„X). Hence q\u 
is not normal, a contradiction. 

Case II. q = for some p e 23*(A„X) and £ > I. If dep(v) > 2, then since m > v, we have 

dep(M) > 2 and so w 6 C(A„X)/'(!B(A„X)). This implies that q\„ is not normal, a contradiction. 
If dep(v) = 1, then v e C{A„X). If further deg^ ^^(v) > 2, then since m > v, we have either 
dep(M) > 2, or dep(M) = 1 and deg^ j^(u) > 2. In either case, we have that q\u is not normal, 
a contradiction. Thus we must have dep(v) = 1 and deg^ j^(v) = 1. So v = x^''\r > 1. Since 
q\v = p\d'(v) = pl.v<f+'» is supposed to be not normal, we have i + r > n. That is, q\v = p\df(y) =0- ^ 

4. Composition-Diamond lemma 

In this section, we shall establish the composition-diamond lemma for the order n free com- 
mutative differential Rota-Baxter algebra III(k[A„X]). 

Definition 4.1. (a) Let w, w 6 !B(A„X). We call u a subword of w if w is in the operated 
ideal of £(A„X) generated by u. In terms of ★-words, w is a subword of w if there is a 
q e S*(A„X) such that w = ql,. 

(b) Let ui and U2 be two subwords of w. u\ and U2 are called separated if u\ e C{A„X), 
U2 e 3(A„X) and there isaq e !B*'*2(A„X) such that w = <?L,i,„2. 

(c) For any u e S(A„Z), u can be expressed as u = Ui ■ ■ ■ Uk, where Wi, • ■ • , Uk-\ 6 A„X and 
Uk s AnX U P(!B(A„Z)). The integer k is called the breath of u and is denoted by bre(M). 

(d) Let f,g £ S(A„X). A pair (m, v) with u e S(A„X) and v e C(A„X) is called an intersection 
pair for (f,g) if the differential Rota-Baxter monomial w := fu equals vg and satisfies 
bre(w) < bre(/) -I- bre(^). Then we call / and g to be overlapping. Note that if / and g 
are overlapping, then / e C(A„Z). 

There are four kinds of compositions. 

Definition 4.2. Let < be a weakly monomial order on S(A„X) and f,g£ k!B(A„Z) monic with 
respect to <. 

(a) If / e C{A„X)P{'B{AnX)), then define a composition of (right) multiplication to be fu 

where u e C(A„X)i'(S(A„X)). 

(b) If / ^ AnX, then define a composition of derivation to be d'^{f), where € e Z>i . 

(c) If there is an intersection pair {u, v) for (/, ^), then we define 

(/,g)w ■={f,gy:: -fu-vg 

and call it an intersection composition of / and g. 

(d) If there exists aq e !B*(A„X) such that w := f = q\g, then we define (f,g)w := (f,g)t '■= 
f - q\g and call it an including composition of / and g with respect to q. Note that if this 
is the case, then is normal. 

In the last two cases, (/, g)^^. is called the ambiguity of the composition. 

Definition 4.3. Let < be a weakly monomial order on !B(A„X), S Q kS(A„X) be a set of monic 
differential Rota-Baxter polynomials and w e S(A„X). 
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(a) An element h e k23(A„X) is called trivial mod [S ] and denote this by 

/z = Omod [S] 

if h = JjjCiqils^, where c,- e k, qi e !B*(A„X), si e S , qils^ is normal and qi\j- < h. This 
applies in particular to a composition of multiplication fu and a composition of derivation 
d\f) where / e k93(A„X), m e P(93(A„X)) and ^ > 1. We use mod [5] to distinguish from 
the usual notion of m = mod (5 ) when u is in the ideal generated by 5 . 

(b) For u,v e k!B(A„X), we call u and v congruent modulo (5, w) and denote this by 

u = v mod (S,w) 

ifu-v = Jji Ciqils-, where c, e k, qi e S*(A„X), 5,- e 5 , is normal and q,],^. < w. 

(c) For f,ge k!B(A„X) and suitable u,v or q that give an intersection composition (/, g)";^' or 
an including composition (/, g)l„ the composition is called trivial modulo (S,w) if 

(/,^Xror(/,^)^,^Omod iS,w). 

(d) The set S c k!B(A„X) is a Grobner-Shirshov basis if all compositions of multiplication 
and derivation are trivial mod [S], and, for f,geS,a\l intersection compositions {f^gjw 
and all including compositions (/, g)^. are trivial modulo {S ,w). 

We give some preparational lemmas before establishing the Composition-Diamond Lemma. 

Lemma 4.4. Let > be the weakly monomial order on !B(A,jX) defined in Eq. (26), Si,S2 e 
k'B(A„X), qi,q2 e !B*(A„X) and w e !B(A„X) such that w = qilj^ = qils^, where each qi\s- is 
normal, i = 1,2. IfTi and 52 are separated in w, then ^il^., = ^2^2 '^^^ iS,w). 

Proof. Let q e S*''*-(A„X) be the (★! , ★2)-DRB monomial obtained by replacing this occurrence 
of 17 in w by and this occurrence of 1^ in w by ★2- Then we have 

^*'|- = G2,q*^-sj = qi and q\Y[,j^ = qil-^^ = qilij, 
where in the first two equalities, we have identified S*2(A„X) and !B*'(A„X) with S*(A„X). Let 
5i - IT = Ci^i and S2-'s2 = Z; djVj with c,-, (ij e k and ut, vj e !B(A„X). Then by the linearity 
of Si and S2 in ^Lj^sj, we have 

-^2L-2 = - (^*'|-)I.V2 

= -{q*%-^)l,+iq*'\,s-,-jr)\s2 



-J]djiq*%^)l,+Y,Ci(q*\,)\ 

J ' 

-Yjdjq\si,vj + ^c,-^l„„.2- 



Since (^*'|.vi)l*7 = ^Li,*? = (^*"I*t)I.vi = ^il.vi is normal and vy < ^2, by Definition 3.9 and Proposi- 
tion 3.12, we have 

qli.vj = (^*'l.vi)lv, < iq*'\si)k = ^iLvi = ^il- = 

Similarly, since (^*-L2)lsr = ^lir,^2 = (q*^\jT)\s-, = <l2\s2 is normal and m,- < Y[, we have 



q\ui,s2 = i(l*%)\ui < (^*'l.v2)l:fr = q2\s2 = Gilji = w. 
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Hence q\ 



= q2\s2 mod(5,w). 



□ 



For q e 23*(A„X), let dep^(^) be the depth of the symbol ★ in q. For example, dep^(^) = 1 if 
q = Pi-k) and dep^(^) = 2 if ^ = P{xPi-k)). 

Lemma 4.5. Let <„ be the weakly monomial order on !B(A„X) defined in Eq. (26) and let S c 
k'B(A„X). If each composition of multiplication and derivation of S is trivial mod [S], then, for 
5 e 5 and q e S*(A„X), ^1, is trivial mod [S]: 



where, for each i, Cj e k, 5/6 5, ^,|s, is normal and qi\-j- < q\s. 
Proof We have the following two cases to consider. 

Case I. q e (A„X). In this case, we prove the result by induction on dep^(^). If dep^(^) = 0, 
then q = u ic V, where u 6 C(A„X) and v e !B(A„X). If 5 6 5 is such that 1 e C(A„X) or 
V e C(A„X), then it is obvious that q\s is normal by Definition 3.7 (c). Suppose 's,v i C{A„X). 
Then 's,v £ C(A„X)P('B{A,jX)). Since the composition of multiplication of S is trivial mod [5], 
we have 



where ^ di e k, tt e 5, pi\,. is normal and pi\j- < sv. Let qi := upi e 3*(A„X). Since 
u G C{A„X), we have qilf. = upi\t_ is normal. Moreover, 



where qi\j- = upi\j- < usv = usv = ^l.,. Hence ^1, is trivial mod [S]. 

Suppose the claim has been proved for q e C(A„X) with dep^(^) = k > and consider q with 
dep^(^) = k + I. Then q = uP(p), where u 6 C(A„X) and p e S*(A„X) with dep^(p) = k. 
By the induction hypothesis we have pi, = ^iCiPil., where Ct e k, s S, is normal 
and pilj- < p\,. Let qij= u P(pi) e 'B*(A„X). Then = qi\t, = uP(pi\r,) is normal and 

qi\j- = uP{pi\-) < uP(p\s) = uP(p\s) = q\s, as desired. This completes the induction. 

Case II. q e S*(A„X). Then q = p|jf(*) for some p e !B*(A„X) and 1. Choose such an £ to be 

maximal so that p is in S*^(A„X). By our hypothesis, the composition of derivation is trivial mod 

[S]. So d^(s) = 2 CiPilsn where Ci e k, Si e S , is normal and Pi\j- < d^X^). Since p is in 
!B*^(A„X), by Cases I that has been proved above, the result holds. □ 

Lemma 4.6. Let > be the weakly monomial order on !B(A„X) defined in Eq. (26) and let S c 
k!B(A„X). If S is a Grobner-Shirshov basis, then for each pair Si, Sj e S for which there exist 
qi,q2 6 23*(A„X) andw e !B(A„X) such thatw = qilj^ = qilijwith ql\s^ andq2\s2 normal, we have 
<?iLi = qilsi mod(S,w). 

Proof. Let si, S2 & S , qi,q2 & S*(A„X) and w € !B(A„X) be such that w = |— = ^21*7- According 
to the relative location of Si and S2 in w, we have the following three cases to consider. 

Case I. li and 52 are separated in w. This case is covered by Lemma 4.4. 

Case II. IT and 1^ are overlapping in w. Then there are w € S(A„X) and v € C(AX) such that 
Wi := J^u = vl^ is a subword in w with bre(wi) < bre(57) +bre(5T)- Since 5 is a Grobner-Shirshov 





= usv = 
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basis, we have 

SiU-VS2 = '^CjPj\,j, 



where pj\tj is normal and pj\tj = pj\j- < Jiu = v's2 = wi. 

Let q e !B*''*2(A„X) be obtained from qi by replacing ★ by and the u on the right of ★ by 
★2. Let p e !B*(A„X) be obtained from q by replacing *i*2 by Then we have 

q*\ = q\,q*'\v = qi and p\-r^u = q\-uu = q\\ji = 

where in the first two equalities, we have identified 23*-(A,iX) and !B*'(A,jX) with 23*(AX). Thus 
we have 

^lU -^21.2 = ('?*'l«)Li -{q*\)\s2 = P\siu-vsi = ^Cjplpji,.. 



Since pjl- < Wi and p\^^.^ = w e S(A„X) is normal, we have p\-zt- is either zero or normal by 
Lemma 3.14. If p\-z-r- = 0, there is nothing to prove. If p\-zt- is normal, then by Lemma 3.13, we 

^ j J 

have p\pji^ = p\j^ < p\„^ = w. Hence = ^2^2 mod (S,w). 

Case III. One of 17 or 52 is a subword of the other. Without loss of generality, we may suppose 
that 17 = qlij for some q e S*(A„X). Since = q\-sj 6 !B(A„X), it follows that qls^ is normal 
by Definition 3.7 and ^|v, = q\-sj. For the inclusion composition {si, S2)-L., since S is a Grobner- 
Shirshov basis, we have (^i, 52)^ = si - q\s2 = JjjCjPjltj, where cj e k, pj e 23*(A„X), tj e S and 
Pjltj is normal with pjl. < Ti. Let p e S*(A„X) be obtained from qi by replacing ★ with q. Then 
>v = qiliT = qi\~ = qi\q\— = pI:?2- Since 5 is a Grobner-Shirshov basis, by Cases I and II, we have 

i 

where di 6 k, r, e S*(A„X), v,- e S and r,|v, is normal with r,|v, = r,|p- < ^2!*! = w. So 

i 

i 

= -qi\si-qi^ - djrjl^ 

i 

= -YjCjqi\p^i,^-Yjdiri\,_. 



Since pj\tj < si and qilj^ = w e S(A„X) is normal by our hypothesis, we have qi = or ^1 1^ 
is normal by Lemma 3.14. If q\\jT- = 0, there is noting to prove. If qiljr- is normal, then by 

j j 

Lemma 3.13, ^i|p^|,^ = <?il^ < <?ilir = Hence ^2Lv2 - '?il.v, = mod (5, w). □ 
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Lemma 4.7. Let <„ be the weakly monomial order on S(A„X) defined in Eq. (26), S Q kS(A„X) 
and Irr(S) := 3(A„X) \ {q\j \ q e S*(A„X), s e S,q\, is normal }. Then for any f e k'B(A„X), f 
has an expression 



where Ci, dj e k, w,- e Irr(S), m,- < /, sj e S, qjlsj is normal and qjlyr < f. 

Proof. Suppose the lemma does not hold and let / be a counterexample with minimal /. Write 
/ = YiiCiUi where Cj e k, w, e S(A„X) and ui > U2 > ■ ■ ■ . If wi e Irr(S), then let 
/i := f - c\U\. If Ml i Irr(5), that is, there exists s\ e S such that u\ = ^il.,, and q\\si is normal, 
then let /i := / - ciqi\s^. In both cases f\ < f. By the minimality of /, we have that /i has the 
desired expression. Then / also has the desired expression. This is a contradiction. □ 

Now we are ready to derive the Composition-Diamond Lemma. 

Theorem 4.8. (Composition-Diamond Lemma) Let > be the weakly monomial order on !B(A„Z) 
defined in Eq. (26), S „ a set ofmonic DRB polynomials in k!B(A„X) and Id(Sn) the Rota-Baxter 
ideal o/kS(A„X) generated by S„. Then the following conditions are equivalent: 

(a) S „is a Grobner-Shirshov basis in k!B(A,jX). 

(b) IfO f e Id(Sn), then f = q\jfor some q e 'B*(A„X), s € S „ and q\s is normal. 



(c) Irr(Sn) := 'BiA„X)\{q\j \ q e 3*(A„X), s e is normal} is ak-basis ofk'BiA„X)/ldiSn). 

In other words, klrr(Sn) Id(Sn) = k3(A„X). 

Proof (a) ^ (b): Let / e Id(Sn). Then by Lemmas 3.3 and 4.5, 



If for each # / e Id(Sn), there is a choice of the above sum such that m = 1, then / = ^il^j and 
we are done. So suppose the implication (a) => (b) does not hold. Then there is a / e Id(Sn) 
such that for any expression in Eq. (27), we have that m > 2. Fix such an / and choose an 
expression in Eq. (27) such that qilj^ is minimal and then with m > 2 minimal, that is, with the 
fewest ^,1^.. such that qi\j- = qi\—. Since m > 2, we have qil-j^ = w\ = W2 = qilij- 
Since S„ is a Grobner-Shirshov basis in kS(A„X), by Lemma 4.6, we have 




k 

(27) f -/ '^iQi\si^ where Ci e k, Si G Sn^qLi normal, \ <i <k. 



Let Wi = I <i <k. We rearrange them in non-increasing order by 



Wi = W2 = • ■ • = W„, > W„,+i >--->Wk. 




where J, e k, 



, rj e 5„, pj e 3*(AX) and pj\,.. are normal with pj\— < Wi. Hence 



k 



k 



f = 




= (Ci -I- C2)^l|.v, + C3<?3L3 + • • • + C,nqm\s„, + 




By the minimality of m, we must have Ci -\- C2 = = • • • = c,„ = 0. Then we obtain an expression 
of / in the form of Eq. (27) for which is even smaller, a contradiction. 
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(b) => (c): Obviously e klrr(Sn) + Id(Sn) Q kS(A„X). Suppose the inclusion is proper. Then 
kS(A„X)\(kIrr(SJ+Id(SJ) contains only nonzero elements. Let / e kS(A„X)\(kIrr(Sn)+Id(Sn)) 
be such that 



Case I. / 6 Irr(Sn). Then f f since / i Irr(Sn). By / - / < / and the minimality of /, we 
must have f - f e klrr(Sn) + Id(Sn) and so / e klrr(Sn) + Id(Sn), a contradiction. 
Case II. / ^ Irr(Sn). Then by the definition of Irr(Sn), we have / = q\j for some q e S*(AX), 
s e Sn and ^l., is normal. Thus q\s = qh = f and so f - q\s < f. If / = q\s, then / e Id(Sn), 
a contradiction. If / q\s, then f - q\s with / - < /. By the minimality of /, we have 
/ - q\s e klrr(Sn) + Id(Sn). This implies that / 6 klrr(Sn) + Id(Sn), again a contradiction. 

Hence klrr(Sn) + Id(Sn) = kS(A„X). Suppose klrr(Sn) n Id(Sn) ^ and let ^ / e klrr(Sn) n 
Id(Sn). Then 



where vi > V2 > ■ • • > e Irr(Sn). Since / e Id(Sn), by Item (b), we have vi = / = ^1^: for 
some q e S*(A„X), s e S„ and ql^ is normal. This is a contradiction to the construction of Irr(Sn). 
Therefore klrr(Sn) e Id(Sn) = k3(A„X) and Irr(Sn) is a k-basis of kS(AX)/Id(Sn). 

(c) => (a) : Suppose f,g e S,, give an intersection or including composition. Let F = fu and 
G = in the case of intersection composition and let F = f and G = q\g in the case of including 
composition. Then we have w := F = G. If if,g)w = F - G = 0, then there is nothing to prove. 
If (/> 8)w ^ 0, then we have 



Then qi < F = G = w. Since (f,g)w e Id(Sn), by Item(c), we have that the ^, are not in Irr(Sn). 
By the definition of Irr(Sn), there are qi e !B*(A„X), Sj e S„ such that qi = qi\j- and is normal. 
Since ^,L. = qi\j- < w, we have (/, g)„, = mod (S„, w). 

For any composition of multiplication fu where f e Sn and u e C(A„X)S(A„X), we have fu e 
Id(5„). By Lemma 4.7, it follows that fu = H,c/^;|i, where ^ c,- e k, Si e S„, qi e !B*(A„X), 
qi\s^ is normal and qil-j- < fu. Hence the composition of multiplication is trivial mod [S„]. 

For any composition of derivation d'^(f) where f e S„ and £ e Z>i, we have d^if) g Id(Sn). By 
Lemma 4.7, we have d'^(f) = 2/ '^/^/l.v, where Ci e k, Si e 5,,, qt e S*(A„X), qi\s. is normal 
and qi\-j- < fP(v). Hence the composition of derivation d'^{f) is trivial mod 

Therefore 5„ is a Grobner-Shirshov basis. □ 

5. GrOOBNER-ShIRSHOV bases and free COMMUTATIVE INTEGRO-DIFFERENTIAL ALGEBRAS 

In this section we begin with a finite set X and prove that the relation ideal of the free commuta- 
tive differential Rota-Baxter algebra on X of order n, where n > I, that defines the corresponding 
commutative integro-differential algebra of order n possesses a Grobner-Shirshov basis. This is 
done in Section 5.1. Then in Section 5.2, we apply the Composition-Diamond Lemma in The- 
orem 4.8 to construct a canonical basis for the commutative integro-differential algebra of order 
n. Taking n to go to the infinity, we obtain a canonical basis of the free commutative integro- 
differential algebra on the finite set X. Finally for any well-ordered set X, by showing that the 
canonical basis of the free commutative integro-differential algebra on each finite subset of X is 



/ = min{^ I g e kS(A„X) \ (kIrr(S„) + Id(S„))}. 



/ = CiVi -I- C2V2 -I- • ■ ■ -I- CkVk, 




^ c; e k, ^1 > ^2 > • • • > e S(A„X). 
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compatible with the inclusion of the subset in X, we obtain a canonical basis of the free commu- 
tative integro-differential algebra on X. 

5.1. Grobner-Shirshov basis. We begin with a lemma that simplifies the defining ideal of the 
integro-diff"erential algebra. 

Lemma 5.1. Let X be a finite set and let III(k[A„X]) be the free commutative differential Rota- 
Baxter algebra on X. The differential Rota-Baxter ideal o/III(k[A„X]) generated by the set 

[P{d{u)P{v)) - uP{v) + P{uv) + AP{d{u)v) \u,v e m(k[A„X]).} 

is generated by 

(28) 5„ := [P{d{u)P{v)) - uP{v) + P{uv) + AP{d{u)v) | w, v e m(k[A„X]), u i i'(m(k[A„X]))) . 

Proof. If M is in P(m(k[A„X])), let u = P{u) for some u e m(k[A„X]). Then P{d{u)P{y))-uP{y) + 
P(uv) + AP(d{u)v) vanishes since P is a Rota-Baxter algebra. This proves the lemma. □ 

We show that S„ is a Grobner-Shirshov basis of the ideal Id(5„) c m(k[A„X]). 

Lemma 5.2. Let (p(u,v) e S,, with u e !B(A„X) \ P(S(A„X)) and v g !B(A„X). Then (f){u,v) = 
1 ® d(uo) (S) wfor some uq e C(A„X) and w e S(A„X). 

Proof Let u = uq^u with 1 ^ mq e C(A„X) and u e 3(A„X) (take m = 1 e k when u e C{A„X)). 
Then 

(piu, v) = P(d(u)P(v)) = P(d(uo ®u)(l® v)) = P(d(uo) ® (uUl^iv)) 

(29) 

= P(d(uo) <Siw) = P(d(uo) (g) w) = 1 (g) d(uo) (g) w, 

where w = mEI^v e !B(A„X). □ 

By the above lemma, we see that (p{u,v) e /'(S(A„X)) and so 4>{u,v) i C(A„X). So from 
Definition 4.1, there is no intersection compositions in S„. The following two lemmas show that 
other kinds of compositions in S „ are trivial. 

Lemma 5.3. The compositions of multiplication and derivation are trivial mod [S,,]. 
Proof. Let 

/ := (p{u, v) := P{d{u)P{y)) - uPiy) + P{uv) + AP(d(u)v) eS„, 
where u e 23(A„X) \ /'(S(A„X)) and v e !B(A„X). First, we check that the compositions of 
derivation are trivial mod (5„). By Eq. (6) and Eq. (8), we have 

d(f) = d(u)P(v) - d(uP(v)) -\-uv-^ Ad(u)v = d(u)P(v) - d(u)P(v) -uv- Ad(u)v -\-uv-^ Ad(u)v = 0. 

Hence d^(f) = mod [S„] for any ^ e > 1. 

Next, we check that the compositions of multiplication (()(u, v)wqP(w) with wq e C{A„X) and 
w € S(A„X) are trivial. Since wq e C(A„X), it is sufficient to show that cpiu, v)P(w) is trivial. Note 
that 0(m, v) e P(S(A„X)) by Lemma 5.2. From Eq. (7) we obtain 

(f)(u, v)P(w) =P(d{u)P(v))P{w) - {uP{v))P{w) + P{uv)P{w) + AP{d{u)v)P{w) 

=P{P{d{u)P{v))w) + P(diu)P(v)P{w)) + AP{d{u)P{v)w) 

(30) - uP{v)P{w) + P{uv)P{w) + AP(d(u)v)P(w) 
=P(P(d{u)P(v))w) + P(d{u)P(P(v)w + vP{w) + Avw)) + ^P(J(M)i'(v)w) 

- uP{v)P{w) + /'(mv)P(w) + AP{d{u)v)P{w) 
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Since (p{u, v) = P(d(u)P(v)) - uP(v) + P{uv) + AP{d{u)v), we have 

(3 1 ) P(P(diu)P(v))w) = P((f>(u, v)w) + P(uP{v)w) - P(P(uv)w) - AP{P{d{u)v)w), 

P(d(u)P(P(v)w + vP(w) + Avw)) 
=(/)iu, P(v)w + vP(w) + Avw) + uP(P{v)w + vP(w) + Avw) 

(32) - P(u(P(v)w + vP(w) + Avw)) - APid(u)(P(v)w + vP(w) + Avw)) 

=(/)(u, P(v)w + vP(w) + Avw) + uP{wP{y)) + uP{vP{w)) + AuP{vw) - P(uwP(v)) 
- P{uvP{w)) - AP(uvw) - AP{d{u)wP{v)) - AP{d{u)vP{w)) - A^P{d{u)vw) 

and 

- uP{v)P{w) + P(uv)P(w) + AP(d(u)v)P(w) 

(33) = - uP(P(v)w) - uP(vP(w)) - AuP(vw) + P(P(uv)w) + P(uvP(w)) + AP(uvw) 

+ AP(P(d(u)v)w) + AP{d(u)vP(w)) + A^P(diu)vw). 

Substituting Eq. (31), Eq. (32) and Eq. (33) into Eq. (30), we have 

(f)(u, v)P(w) = P((f>(u, v)w) + (p(u, wP(v)) + (f)(u, vP(w)) + A(f)(u, vw) 

The last three terais are already in S„ and hence are of the form ql^ with q = -k and 5 e 5„. So we 
just need to bound the leading terms. Note that 

PiaP(b)), P(bPia)), P(ab) < P(a)P(b) for a,b e S(A„X). 

So we have 

(f>(u, wP{v)) = P{d{u)P{wP{v))) < P{d{u)P{v)P{w)) < P{d{u)P{v))P{w) = (p{u,v)P{w). 

We similarly show that (l){u,vP{w)),4>{u,vw) < 4>{u,v)P{w). So 4){u,wP{v)) + 4){u,vP{w)) + 
A(j){u,vw) = mod Hence ^(u,v)P(w) = mod if and only if P((f>(u,v)w) = mod 
[S„]. We prove the latter statement by induction on dep(w). 

If dep(w) = 1, that is, w e C(A„X), let q := /'(★w) e S*(A„X). Then q\^^u,v) = P{4>{u,v)w) and 
q\<l,(u,v) is normal by w e C(A„X). Since 

P(0(m, v)w) = P((p{u, v)w) = P(P(d(u)P(v))w) < P(d(u)P(v))P(w) = (piu, v)P{w) = (p(u, v)P(w), 

we have P((l)(u, v)w) = mod [S,,]. 

Suppose w e C(A„X)/'(3(A„X)) and let w = wiPiw) with wi e C(A„X) and w e S(A„X). 
Since dep(vi>) < dep(w), by the induction hypothesis, we may assume that 

^(u,v)P{w) = ^c,aL,' 

where ci e k,pi e !B*(A„X), si e S„, p/L, is normal and pil^. < (p(u, v)P(w). Let qi := P(w\Pi). 
Since Pi\s- is normal and Wi e C(A„X), it follows that qi\s. is normal. Furthermore, we have 

P(0(m,v)w) = P(4>(u,v)WiP(w)) = ^CiP(WiPi\,,) = ^C;^,!,, 

i i 

and 

^;l.v, = Piwipil,) < Piwi(Piu,v)Pm = Pi4>iu,v)w) < 4>iu,v)Piw). 
Therefore P(^(u,v)w) = mod [5„]. This completes the induction. Hence (f>(u,v)P{w) = mod 
[5„], as needed. □ 
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Lemma 5.4. The including compositions in S „ are trivial. 

Proof. We need to show that the ambiguities of all possible including compositions of the poly- 
nomials in S „ are trivial. The ambiguities of all such compositions are of the form 

P(d(u)Piq\p(d(v)Pm)) and Pid(q\p^d(^u)P{v)))P(w)). 

Let two elements / and g of S„ be given. They are of the form 

/ := V), g:= 0(r, s), u,v e S(A„X) \ PCBi^X)) and r, s e S(A„Z). 

Case I. Suppose v = p\g = = p\p(d(r)P{s)) for some p e S*(A„X) and 

w:=f = (Piu,v) = Pid(u)P(v)) = P(d(u)Pip\j)) = ^ = ^1^, 
with q = P(d(u)P(p)) e !B*(A„Z) and q\g being normal. Then 

/ = (piu, V) = P{d{u)P{p\p(d{r)P{s)))) - uPip\p(d{r)P{s))) + P{up\p(d(r)P{s))) + ^P{d{u)p\p(d{r)P(s))) 

and 

q\g = qWs) = P{d{u)P{p\p(d{r)P(s)))) - P{d{u)P{p\rP(s))) + P{d{u)P{p\p(rs))) + AP{d{u)P{p\p(d(r)s)))- 

So we have 

if,g)w ■=f-q\g 

(34) = - uP{p\p(d(r)P(s))) + P{up\p(d{r)P{.s))) + AP{d{u)p\p(d{r)P{s))) 

+ P{d{u)P{plpu))) - P{d{u)P{p\p^rs))) - AP(d{u)P{p\p^dir)s))). 

Since 0(m, v) = P(d(u)P(v)) - uPiy) + P{uv) + AP{d{u)v), we have 

-uP{p\p^d(r)P(s))) = -uP{p\<f,{r,s)) - uP{p\rP(s)) + uP{p\p(rs)) + ^uP{p\p(d(r)s)) 
P{up\p{d{r)P{s))) = +P(up\<f,(r,s)) + P{up\rP{s)) - P{up\p(rs)) - ^P{up\p(d(r)s)) 

AP{diu)p\p(dir)P(s))) = +AP{diu)p\^(r,s)) + AP{d{u)p\rP(s)) - AP(d{u)p\p(rs)) - A^ P{d{u)p\p(d(r)s)) 
P{d{u)P{p\rP(s))) ^ (p{u, p\rPU)) + uP{p\rPU)) - P{up\rP{s)) - AP{d{u)p\rP(s)) 
-P{d{u)P{p\p(^rs))) = -4>(U, P\p(rs)) - uP{p\p(rs)) + P{up\p{rs)) + AP{d{u)p\p(rs)) 
-AP{d{u)P{p\p(d(r)s))) = -A^{u,p\p(d(r)s)) - AuP{p\p(d(r)s)) + AP{up\p(d(r)s)) + A^P{d{u)p\p(d(r)s))- 

From Eq. (34) and Eq. (35), it follows that 

{f,g)w = -uP{p\^(r,s)) + P{up\^(r,s)) + AP{d{u)p\^(^r,s)) + (p{u,p\rPU)) - (p{u, p\p(rs)) " A(piu, p\p(d{r)s)) ■ 

By Lemma 3.3, we have 

uP{p\^(r,s)),Piup\^(r,s)),AP{d{u)p\^(r,s)) € M(S„) 

and 

(p{u,p\rP(s)),(piu,p\p(rs)),(piu,p\p(d{r)s)) & S,, Q /J(5„). 

Since 

uP(.p\,l,ir,s)), P{up\^(r,,)), P{d{u)p\^(r.s)) < (piu, p\^(r,s)) = (p{u,v) = W 

and 

0(m, p\rP{s)), (piu, p|p(„)), (t>{u, p\p(d(r)s)) < (p{u, Pl^) = 0(m, v) = W, 

we have that (/, g),^, = mod (5„, w). 

Case II. Suppose u = p\g = p\-^ = p\p(d{r)PU)) for some p e :B*(A„Z) and 

w:=f = = P{d{u)P{v)) = P{d{p\-^)P{v)) = ^ = q\g. 
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with q = P(d{p)P(v)) e !B*(A„X) and being normal. Then 

/ = 0(m,v) = Pid(p\p^d(/)P{S)))P(V)) - p\p^d(r)P{s))P(v) + P{p\p(d(r)P{s))V) + ^P{d{p\p(d{r)P(s)))v) 

and 

^1, = qW,.) = P(d(p\p(d(r)Pis)))Piv)) - P{.d{,p\rPis))P{y)) + P{d{p\p(r.))P{v)) + AP{d{p\p(d(r).))P{v)). 

We have 
{f,g)w ■=f-q\g 

= - P\pidir)Pis))P(v) + P(.p\p(d(r)P(s))V) + AP{d(p\p(d(r)P(s)))v) 

+ P(dipMP(v)) - P{d{p\p„-s))P{v)) - AP{d{p\p(dir)s))P{v)) 
= - PU(r,s)P{v) - p\rP{s)P{v) + p\p(rs)P(v) + Ap\p(d(r)s)P(v) 

+ P(p\,p(r..s)V) + P(p\rPU)V) - P{p\p(r.s)V) - APip\p(^d{r)s)V) 

+ APidip\^(,-,s))v) + APidip\rPU))v) - APid(p\p^rs))v) - A^P{d{p\p(d(r)s))v) 

+ (p{p\rP{,), V) + p\rP(s)P{v) - P(pIp{.s)V) - AP(dip\rP(,))v) 

- (p{p\p{rsh V) - P\p(rs)Piv) + P(.p\p(rs)V) + AP{d(p\p(rs))v) 

- A(f>(p\p(d(r)sh V) - Ap\p^d{r)s)P(w) + AP(p\p^d{r)s)V) + A^ P(d(p\p(d(r)s))v) 

= - P\<l>(r,s)P(v) + P(p\^(r,,)V) + APidip\^^r,s))v) + (piplrPis), v) - ^{p\p{rs), v) - A(p(p\p^dir)s), v). 

By Lemma 3.3, we have 

P\^{r,s)Piv), Pip\^(r,s)V), Pidip\^(^r,s))v) £ MiS n) 

and 

(f>(p\rPU),v),(p(p\p(rs),v),(f)(p\p(d(r),),v) S S„ Q Id(S n). 

Since 

P\,p{r,s)Piv), P(p\^(r,s)V), P{d{p\^(r,s))v) < (p{p\,l>(r.s),v) = (f>(u,v) = W 

and 

(p{p\rP(.s), V), (p{p\p(rs), V), (f>ip\p(d(r)s), v) < (f>ip\^, v) = v) = W, 

it follows that (/, g)„ = mod (S,„w). □ 

By the remark before Lemma 5.3, Lemmas 5.3 and 5.4, it follows immediately that 

Theorem 5.5. 5„ is a Grobner-Shirshov basis in k!B(A„X). Hence hT(5„) in Theorem 4.8 is a 
linear basis o/III(k[A„X])/Id(5„). 

5.2. Bases for free commutative integro-differential algebras. We next identify hT(S„) and 
thus obtaining a canonical basis of III(k[A„X])/Id(5„). 

Lemma 5.6. Let < be the linear order on C (AX) defined in Eqs. (25) and (19), andu = mqMi ■■■Uk& 
C(AX) with uq, - ■ ■ ,Uk e AX and uq > ■ ■ ■ > Uk- Then dx(u) = uqU\ ■ ■ ■ Uk~\dx(uk)- If u is in 
C(A„X), then dx(u) = uqU\ ■ ■ ■ Uk~idx(uk) provided ut e A„_iX. 

Proof. We prove the first statement by induction on k > 0. If k = 0, then u = uq & AX and there 
is nothing to prove. 

Assume the result holds for k < m, where m > 0, and consider the case when k = m + I. Then 
u = uqU\ ■ ■ ■ Um+i with Mo, ■ • ■ , u,„+i s AX and uq > ■ ■ ■ > u,„+i - Let u = uqU\ • ■ • u,n. Then 

dx(u) = dx(uu,„+i) = udx(u„r+i) + dx(u)Urn+\ + Adx(u)d(u„,+i). 
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By the induction hypothesis, we have dx(u) = uqU\ • • • dx(u,„)- So dx(u)Uni+i = uqU\ ■ ■ ■ dx(Um)u,„+\ 
and dx{u)dx(.u„,+i) = uqU[ ■ ■ ■ dx{Um)dx{u,n+i). If dxiu,,,) > u^+i, then since u,,, > dxiu,,,) and 
M„,+i > dx(u„,+i), we have 

udx(Um+l) = MqMi • • • Umdx{Um+\) > UqUi • • • dx(Um)Hm+l > "0^1 " " " dx(u,n)dx(Um+\) 

and so dx(u) = UqU\ ■ ■ ■ Umdx(Um+\)- If m„i+i > dx(u,„) and m„, > u,„+i, then since m„, > dx{u,„), we 
have 

udx(Um+l) = UqU\ • • • Umdx(u,n+l) > UoU\ ■ • ■ U,„+\dx(Um), UqU\ ■ ■ ■ dx{Um)dx{Um+\) 

and hence dx{u) = uqUi ■ ■ ■ Umdx(Um+i)- If Mm+i > dx(u,n) and = "m+i, then since > dx(Um), 
we have 

udx(Um+\) = MqMi • • • UmdxiUm+\) = UqU\ • • • Um+\dx(u,n) > UqU\ ■ • ■ dx{Um)dx{Um+\) 

and so dx{u) — UqU\ • • • Ufii dx(Um+i). This completes the induction. The proof of the second 
statement then follows since under the condition u/, e A„_iX, dx{uk) does not change in AX or in 



We now give the key concept to define Irr(S„). 

Definition 5.7. Let u e C(AX) with standard form in Eq. (20): 

u = u^^ ■ ■ ■ uf, where uq, - ■ ■ ,Uk e AX, uq > ■ ■ ■ > Uk and 70, • • • , jt ^ ^>i- 

Call u functional if either m e { 1 } U X or j^. > 1 . Denote 

Af := {u £ C(AnX) I u is functional }, k{X}y := kAf and Ay;o = k(yL/\{l}). 

Proposition 5.8. Let X be a finite well-ordered set. Let(A,dx) '■= (Vi{X},dx) '■= (k[AX],dx) be 
the free commutative differential algebra on X. Then A = Af ® dx{A). 

Proof. We prove the result by induction on \X\ > 1. The case when \X\ = 1 has been proved 
in [23]. Suppose the result holds for all X such that \X\ < m and consider the case when \X\ = m. 
LetZ = {x\,X2, • • • ,x,„} with xi > ■ • • > x,„, B = k{xi, • • • ,x,n-\} and C = k{x,„}. Also denote 



Then by the definition of Af, we have 

(36) Af = (5/(g)k)e(50C/,o) = (5/(g)k)e(5/®C/,o)®(c?z(5)<8)C/,o) = {Bf^Cf)®{dx{B)®Cf^Q). 

Therefore Bf = Bf® \ Q Af and Cf = \ ®Cf Q Af. Thus B = Bf® dx{B) c Ay + dx(A) and 
C = Cf ® dx(C) ^ Ay + dx(A). Since A = B ®C is generated as an algebra by 5 (g) 1 and 1 (g) C, 
we have A QAf + dx(.A) and so Ay + dxiA) = A. 

We are left to show that Ay n dx(A) = 0. Let S := 5 n C(AX) (resp. Sy := 5y n C(AX), resp. 
C := C n C{AX), resp. Cy := Cy n C(AX)) be the basis of monomials of B (resp. Bf, resp. C, 
resp. Cf). Then a nonzero element wofA = 5(E)Cisa sum 



AnX. 



□ 



Ay :=k{X}y, 5y :=k{xi,-- - , 
By the induction hypothesis, we have 



Xm—l 



k{A:„,}y;o. 



B = Bf® dx(B) and C = Cy dx(C). 




k 



w = 
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where ui > ■ • • > e S, v,i > • • • > v,„, e C,0 kij e k, 1 < j < n,. Then we have 

^ kijUi Vij = ^ aij [dxiui) <8> Vij + m,- dxivij) + /i^^xCw/) (ixCViv)) 



(37) Jx(w) = dx 



We distinguish the following three cases. 

Case 1. If vii ^ 1, then the leading term in the sum in Eq. (37) is ui <8)Jx(vii). Since CfOdxiC) = 
0, we have dxivu) i 6/- Then ui dx(vn) ^ 23 Gf. Since S 6/ is a basis of B®Cf, we have 
Ml dxivn) i B® Cf. Therefore dxiYuij kijUi v,y) ^ 5 C/. By Eq. (36) we have 

B®Cf = Bf® Cf e dx{B) ®Cf = Bf^Cf® dx{B) C/,o ® ^^x(5) k = Ay Jx(5) k. 

Therefore dx{w) iAf. 

Case 2. If vu = 1 and either dx{u\) > U2 or dx{u\) = U2 and V21 = 1, then since dx{l) = 0, by 

the definition of the order defined on AX, the leading term in the sum in Eq. (37) is dx{u\)®\ where 

dx{u\) e 23 denotes the leading term of dx{u\). Since Bf n dx{B) = 0, we have dx{u\) 1 ^ 23y . 

Then (ix(wi) '2)1 i 23/06 and hence not in 5y 0C. Also 1 i C/o implies that (ix("i)® 1 i 2306/0- 

Here C/o = e\{l} is the standard basis of C/,o. Thus dx{ui) 1 i (!B/ C) U (S C/o). Then we 

have Jx("i)® 1 ^ (5/ 0C) + (50C/o) and hence Jx(2,7%"i- ® ^i) ^ (5/0C) + (5 0C/o). Then 
(ix(w) is not in Ay by Eq. (36). 

Case 3. If Vn = 1, dx{ui) = U2 and V21 1 (note that dx{u\) < U2 is impossible since u\ > U2), 
then the leading term of the sum in Eq. (37) is U2 viT. Then the proof is the same as for Case 1. 

In summary, we have proved that dx{w) i Af and hence Ay n dx{A) = 0. □ 

Lemma 5.9. Let Af = k{X}y, A„ = k[AnX], A„j = A„ n Ay and dA„ to be the restriction d\A„ 
except d{x^"^) = Ofor x £ X. Then A„ = A„j ® Ja„(^«)- 

Proof. Since A„j c Ay, dA„(An) ^ Jx(A) and Ay n 6fz(^) = by Proposition 5.8, we have 
A„j n im(<iA„) = 0. Thus we only need to show A„ c A„,y + JA„(^n) since A„ □ A„j + Ja„(^«) is 
clear. Suppose A„ A„j + (iA„(^«)- There is a monomial m 6 C(A„X) in A„\(A„j + rfA„(^«)) th^t 
is minimal under the order <„ on C(A„X) defined in Eqs. (19) and (25). Then u i Af. Assume 
the minimum variable in m is x and t is the highest differential order of x in u. Then u can be 
expressed as w = u{x^^~^^ T x^^^ with u e C(AX) and m > 0. Let v = m(jc^^- '))'"+> e C(AX). By 
Lemma 5.6, we have u = dA,Xv)- So we can write u = dA„(v) - with c, s k and u > w,-. 

Then Ja„(^) ^ ^^A„(^n) ^^id ^ ^«,/ + im(6?A„) by the minimality of u in A„\(A„j + im((iA„)). Thus 
M e A„_y + im(i/A„)- This is a contradiction. □ 



Lemma 5.10. (a) Let := {^^^(i^) I u e C(AX)} and Af := {m 6 C(AX) | u is functional). 
Then C(AX) /5 disjoint union of Ad andAf, that is, C(AX) = Ad\-iAf. 
(b) We have C(A„X) = {Ad n C(A„X)) U {Af n C(A„X)). 



Proof, (a) First we show that Adf^Af = 0. Let (ix(i<) e with m e C(AX). Suppose the standard 
expression of u is m(x^^^)'" for some ii e C(AX). Thus 



dx{u) = udx{{x^^^y") = m(x(^>)'"-1jc(^+i) = u{/^Y~^x' 



(e+i) 



and so dx{u) i Af. Next we show that C(AX) = yi^ U ^y. Let u e C(AX) \ ^ly. Suppose the 
minimum variable in m is x and t is the largest differential degree of x. Then u can be expressed 
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as M = ujx^^-^^y^ x^^^ wi th u e C(AX) and m > 0. Let v = e C(AX). By Lemma 5.6, 

we have that u = dx{v) e A^- Hence C(AZ) = uAf. 

(b) Since C(A„X) c C(AX), the resuh holds from Item (a). □ 

Theorem 5.11. Let A„,An f be as defined in Lemma 5.9 and let IiD,n be the differential Rota- 
Baxter ideal o/III(A„) generated by S „ in Eq. (28). Then as tensor product of modules 



m(A„)/IiD,n = A„ 



\ k>0 



Proof. For any s = <p{u,v) e S,„ by Lemma 5.2, we have s = 1 <Si diui) ® w, where d(ui) e 
A,i n C(A„X) and w e S(A„X). Recall that 

S(A„X) = U,„>iC(A„X)®'" = {ai (8) • • • (8) a„, I ai, • • • , a„, e C(A„X), m > 1}. 

By Theorems 4.8 and 5.5, and Lemmas 5.9 and 5.10, we have 

Irr(Sn) = S(A„X) \ {q\j \ q e S*(A„X), s e S„,q\,, is normal} 



= S(A„X) \ {^li^^^,, I q e S*(A„X), G A, n C(A„X), w 6 S(A„X)} 

= S(A„X) \ {ai (8) • • • e CiAr,Xf'' \ a,- e n C(A„X) for some I <i<k,k>l} 

= {«! • • • (E> a^. I ai, a^. e C(A„Z), a,- e 71/ n C(A„Z) for 1 <i <k,k> 1} 

is a k-basis of kS(A„X)///£). Since A„ = kC(A„Z) and A„j = kj^/ n C(A„Z), the theorem 
follows. □ 

Let 

(38) S := {/'(J(m)P(v)) - uP(v) + /'(wv) + AP{d(u)v)\u e m(A„X) \ i'(m(A„X)), v e m(AX)) . 

Lemma 5.12. Let In, , ^ (resp. In,) be the differential Rota-Baxter ideal of ^{ls.nX) (jesp. III(AX)) 
generated by 5„ {resp. S). Then as ^-modules we have Ijdj Q Iid,2 ^ ■ ■ ' , ho = ^n>JiD,n cind 
liD,n = liD n km(A„X). 

Proof Since km(A„X) c km(A„+iX) for any n> 1, wehave//D,i c /^^j Q ■■■ andZ/o = U„>i//d,„ 
by Eq. (28). We next show //d,„ = Iid n m(A„X). Obviously, //d,„ c n m(A„X). So we only 
need to verify Ijd n III(A,jX) c By Theorem 5.11 we have 



m(A„X) 



Let 



V jt>0 



^ :=A„e 0A„®Af^®A 

V k>0 

Then m(A„X) = J„ © //o,„ and 7i Q J2 Q • • • . Let n, fc> 1 . Since 7„+<. n = and 7„ c 7„ 

we have 7„ n //£),„+*: = 0. Since //d,„ c Iiu,n+k, by modular law we have 

(39) IiD,n+u n m(A„X) = IiD,n^u H (7„ ® //z),„) = {Iw.n+k H 7„) © //z),„ = //D.n- 

Let u e Iji,C\ m(A„X). By //o = U„>i//£,_„, we have u e //z),a? for some N € Z>i. If N > n, by 
Eq. (39), M e //z),/v n m(A„X) = Iw,n. If N < n, then m e Iid,n ^ ///>,„. Hence //d Pi m(A„X) c 
and so I id H m(A„X) = //£,,„. □ 

Now we are ready to prove the main result of this paper. 
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Theorem 5.13. (=Theorem 1.1) Let X be a nonempty well-ordered set. Let III(k{X}) = III(AX) 
be the free commutative differential Rota-Baxter algebra on X. Let In, be the ideal of III(k{X}) 
generated by S defined in Eq. (38). Then the composition 



Ul(A)f := A 



V k>Q 



m(A) ^ Ul{A)/Ijo 



of the inclusion and the quotient map is a linear isomorphism. In other words, 

m(A) = m(A)f®I,D. 

Proof First assume that X is finite. Denote A = k[AX] and A„ = k[A„X],n > 1. By Theorem 
5.1 1 and Lemma 5.12 we have the linear isomorphisms 



Afi 



0A„0Af^0A„ 



V A->() 



= m{KX)lhD,n = m(A„X)/(/;z> n m(A„X)) = (m(A„X) + Ijd)/Iw 



that are compatible with the direct system lim A„. Since A = lim A„ as k-module, we have 



A® 



e 

V k>0 



A(g)A 



/ 



lim 



A,, ® 



e 

V k>0 



'Kf 



= \im((Ul(AnX)+IjD)/IlD) = m(A)///z). 



Now let X be a nonempty well-ordered set. Let F be a finite subset of X. Denote Axj = 
Af,AYj = k{y}y^. Then by the definition of Aj we have 

(40) Ay n Axj = Ayj and dxiAy) = dyiAy). 

Let a e Ax. Then there is a finite Y Q X such that a e Ay. Thus by Proposition 5.8, we have 
a e Ayj + dx(Ay) which is contained in Axj + dx(Ax) by Eq. (40). Thus Ax = Axj + dx{Ax). 
On the other hand, let a e dx(Ax). Then a = dx(b) for b e Ax. Then there is a finite 
Y Q X such that b e Ay and hence a e dy(Ay). Then by Proposition 5.8 and Eq. (40), we have 
a ^ Ayj = Ay n Axj. Hence a t Axj. This proves Axj n dxiAx) = 0. Hence Ax = Axj ® dx(.Ax). 

Now let u e III(Ax). Then there is a finite subset Y c X such that a e III(Ay). Then by 
the case of finite sets proved above, u e III(Ay)y^ + lyjo- By definition, III(Ay)y^ c III(A)y^ and 
lyjD ^ ^iD- Hence u e III(A)/ + Ijo. Further, if m G Ijjj, then there is a finite Y c X 
such that u e lyjo- Thus u is not in III(Ay)y^ since YR{Ay)f n lyjo = 0. By the definition of 
m{Ax)f, we have m(Ay) n m(Ax)/ = ni(Ay)/. Therefore u is not in m(Ax)/. This proves 
m{Ax) = m{Ax)f®IxjD- □ 
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